We consider a Cauchy problem of unidimensional nonlinear diffusion equation on finite interval. This problem is ill-posed and its approximate solution is unstable. We apply the He's homotopy perturbation method HPM and obtain the third-order asymptotic expansion. We show that if the conductivity term in diffusion equation has a specified condition, the above solution can be estimated. Finally, a numerical experiment is provided to illustrate the method.
Introduction
The diffusion equation, one of the classical partial differential equations PDEs , describes the process of diffusivity propagation. It has a great deal of application in different branches of sciences which have found a considerable amount of interest in recent years. This kind of equation arises naturally in a variety of models from theoretical physics, chemistry, and biology 1-8 . For instance, diffusion equations are used to investigate heat conduction, steady states and hysteresis, spatial patterns, blood oxygenation, moving fronts, pulses, and oscillations phenomena. Without any excessive simplification, these problems are all nonlinear. Therefore one needs to use a variety of different methods from different areas of mathematics such as numerical analysis, bifurcation and stability theory, similarity solutions, perturbations, topological methods, and many others, in order to study them 9-16 . Recently HPM is widely applied to linear and nonlinear problems. The method was proposed first by He in 1997 and systematical description in 2000 which is, in fact a coupling of traditional perturbation method and homotopy in topology. The application of the HPM to nonlinear problems has been developed, because this method continuously deforms the difficult problem under study into a simple one which is easy to solve. The method yields 2 Discrete Dynamics in Nature and Society a very rapid convergence of the solution series in the most cases. Because of this rapid convergency, HPM has become a powerful mathematical tool, when it is successfully coupled with the perturbation theory. Also, HPM was used to solve variational problems by different investigators before [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] . One can find the recent developments of the HPM in 30-33 . This work is concerned to the nonlinear Cauchy diffusion problem and the HPM is applied to solve it. The organization of this paper is as follows. Section 2 is devoted to introduce the statement of Cauchy problem. In Section 3, we give the concepts of HPM. In Section 4, we derive the solution of Cauchy equation of nonlinear diffusion problem by HPM. In Section 5, we present an experiment wherein its numerical results illustrate the accuracy and efficiency of the proposed method, and finally in Section 6, some conclusions are considered.
Statement of the Cauchy Problem
Let φ x, t be a smooth function in Ω ≡ 0, l × 0, T where l and T are constant values, and f t , g t , a t , and b t are known functions in 0, T . Now, we assume that u x, t satisfies the nonlinear Cauchy diffusion equation:
subject to the initial conditions:
where A is defined as
such that a t u x, t b t is positive 3-6 , and u x, t is an unknown. According to 34 , we express HPM for the nonlinear problems in general case. Then, we apply this method to approximate the solution of the problem 2.1 -2.3 .
Description of the HPM
Suppose that A, a, b, Φ, f, and g satisfy to the above conditions. The operator A can be generally divided into two parts L and N, where L is a linear operator, and N is a nonlinear one. Therefore 2.1 can be rewritten as follows:
He 35 constructed a homotopy H : Ω × 0, 1 → R which satisfies
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where p ∈ 0, 1 , that is called a homotopy parameter, and v 0 is an initial approximation of 2.1 which satisfies initial conditions. Hence, it is obvious that
Now, the changing process of p from 0 to 1 is just
Applying the perturbation technique due to the fact that 0 ≤ p ≤ 1 can be considered as a small parameter, we can assume that the solution of 3.2 or 3.3 can be expressed as a series in p, as follows:
when p → 1; 3.2 or 3.3 corresponds to 3.1 and becomes the approximate solution of 3.1 . That is,
The series solution 3.6 is convergent for different terms of v, and the rate of convergence depends on A v 36-38 .
Solution of Cauchy Equation of Nonlinear Diffusion Problem by HPM
Consider the nonlinear differential equation 2.1 , with the indicated initial conditions 2.2 . From 2.1 we have
Then we can write 4.1 as follows:
where 
4.3
Consequently, we obtain
Hence, we may choose a convex homotopy such that 23
where
4.6
By using 4.5 , we find
By combining 4.1 and 4.7 , we obtain
where the above relations are obtained by equating the terms with identical powers of p in 4.8 . Therefore, the approximation solution is
In Section 5, we explain a numerical experiment. By using the HPM, an approximate solution for nonlinear diffusion equation is obtained.
Numerical Experiment
Let us consider the following nonlinear differential equation
with initial conditions:
If we want to use our last notation, we have
5.3
Obviously, the above assumptions satisfy to consideration of aforesaid conditions. In addition, the exact solution of the problem is: u x, t x 2 e t t. In this experiment, we have obtained the solution of Cauchy problem at the points x 0.1, 0.2, 0.3, . . . , 1, where t 0.25, 0.50, 0.75 and 1.
We construct a homotopy in the same form as we have described in Section 3: The exact solution, approximate solution, absolute error, relative error, L 2 -norm error, maximum absolute error, and maximum relative error at some time levels are presented in Tables 1 and 2 . In the tables fortunately, we do not have any diametrical sharp changes in our error bounds and it has no common difficulties that may appear in numerical approaches like Runge's phenomenon 39 . This means that our method works steady at all time levels. Also, the computed relative errors magnitude is acceptable and it makes our approach admissible. Figure 1 represents the exact solution of the nonlinear diffusion problem on the interval 0, 1 . As it is illustrated in Figure 2 , the approximate solution gives the solution in function form. We would like to emphasize that we have presented the results in tables at some points, in order to compare our computed values with exact solution easily.
In addition, it is possible to draw the absolute error graph because it is yield in function form too. We drew absolute error function in Figure 3 , to show how little its magnitude is.
Conclusions
In this study, we consider the Cauchy problem of unidimensional nonlinear diffusion equation. This problem is inherently ill-posed and unsteady. If the analytical solution exists, it needs some rigid and sophisticated computation in practice. We investigate this problem with a very modern acclaimed powerful method called HPM. Our simple rapid exact approach yields good results as we have reported in Section 5. We have computed an approximate solution with acceptable error bounds which are at least of order 10 −5 . That makes our technique remarkable and convenient. We have used Maple 11 Packages on common home PC for all of our computations.
